Consider the dynamical systemü + ∂ψ K (u) f (t, u,u) where ψ K is the indicating function of the convex K. we purpose this system to model the motion of a cylindrical bar, vibrating longitudinally, subject to the force of gravitation or to one other field of external forces, without initial velocity and in a situation of internal balance. When il meets a plan rigid obstacle, it rebounds. In this paper, we purpose to model its motion. and we give two methods to solve this problem: Resolution of the problem with research impacts method and resolution of the problem with numerical scheme.
Introduction
We purpose to study dynamical properties of a cylindrical bar, vibrating longitudinally, subject to the force of gravitation or to one other field of external forces, is released in vertical position, without initial velocity, and in a situation of internal balance. It hits an obstacle which is plan and rigid, on which it rebounds. The problem is how to approach its motion: we can be interested as well by the movement of the centre of gravity as by the movement of internal degrees of freedom.
In order to model the motion of the cylindrical bar, we will situated as part of linear elasticity theory in small movements [1] and [2] The bar can be represented by cylindrical peace (see figure 1 ) with the generatrices are parallels to the axis (Ox), terminating in two straight sections S 1 and S 2 located respectively in the planes. L is the length of the bar.
The movement of this bar can be modeled by an evolution problem in time. After discretization in space, we obtain a differential equation of the second order, which has a non linearity due to the impacts of the bar on the obstacle. In the under-differentials language described by Rockafellar in [R.T. Rockafellar, 1968] , if ψ K in the indicating function of the convex K, then the model of the bar can be given by:
In the second paragraph, we propose to give a model of the movement of the bar using a discretisation in space. In paragraphs 3 and 4, we compute the position of the bar as function of time. Thus, we present two methods of resolution. The first one is known as method for research of impacts which consists in finding the exact solution for linear problem between the moments of shocks and to seek an estimate of the moments of impact by using Newton's method. This method is similar to that used in [5] the case of the simplified model of assembly. The second method is numerical, it consists to find a approximative solution to this problem by using a numerical scheme [4] .
Modeling of problem
Let us begin with a modeling using discretization, for which we need the equivalent stiffness of the bar.
Let us note ε ij the tensor of distortions of the bar. The low of Hooke enunciates that the tensor of distortions depends lineary of tensor of constraints. Thus,if the bar is subjected to a force F in the direction of the axis (Ox), the tensor of distortions of the bar is constant [1] and ε 11 is given by Eε 11 = F where E is the Young's module. It follows that the stiffness of an equivalent spring to this bar is given by: R = ES/L, where S is the bar's section and L is its length.
To make a discrete modeling of our problem, we replace our bar by (N + 1) material points with mass m = M/(N + 1), where M is the total mass of the bar. These points are indexed by j (0 ≤ j ≤ N ) and are attached by springs with length l = L/N and stiffness ES/l = ESN/L. If w j (t) is the position at the time t, where the mass is indexed by j, g is the gravity acceleration and ρ is the density of the material which constitutes the bar, then the application of Newton's law to this mechanical system gives, in the absence of constraints, the following relations:
If we assume that the system is subject to the gravity, it would be easy to write a more general problem by replacing g by f j where mf j is the force practising on the mass indexed by j.
If we want to take into account constraints, we make hypothesis that in experimental conditions,only the mass indexed by 0 can touch obstacle, located at the height 0. In this case, we have to replace the first equation (2) with group of relations taking account unilateral condition,with e ∈ [0, 1] is a restitution coefficient and µ is a positive measure .Instead of (2), we write all relations:
w 0 (t) = u min ⇒ẇ 0 (t + 0) = −eẇ 0 (t − 0).
The initial conditions (since the bar does not vibrate at first) are:
A passage in the formal limit on this discreet model when N tends to the infinity gives following relations:
with the initial conditions
and with limit conditions
The differential system (2)- (3)- (4) can be rewriting as:
where A is a matrix A ∈ M N +1 (R) given by
and the vector B of the second member is given by:
3 Resolution of the problem with research impacts method
In this section, we propose to make a modal resolution between the shocks by explicit formulas, ie to calculate the exact solution of the problem when the constraints are not saturated, and then to find an estimate at the moments of impacts by using Newton's method.
Exacts solutions for linear problem (12)
To solve the problem (12), we start by finding the eigenvalues and the eigenvectors of the matrix A using the same method in [6] . If we pose θ j = jπ/(N + 1), then the eigenvalue j of the matrix A is given by:
We notice that all these values are distincts, therefore it exists an orthonormal base of R N +1 , formed by eigenvectors. Let us note V j the unit eigenvector associated with the eigenvalue λ j . Its component k, denoted V j,k is given by:
We can write the solution w(t) of the problem (12) in this base, indeed, there exists a suit of functions (α j ) j∈{0,···,N } , from [t 0 , T ] to R, such as
The values of the functions α j andα j , at one unspecified moment t ∈ [0, T ], starting from the values of these functions at one initial moment t 0 , which are calculated according to the initial conditions, ie, according to w(t 0 ) andẇ(t 0 ):
These relations imply that:
By applying the writing of the solution in the base of the eigenvectors, given by relation (17), with the differential equation, we obtain ordinary differential equations whose unknowns areα j (t); indeed
where the second member of equation (22) is
If j = 0 then λ 0 = 0, and relations (22) and (23) imply
and for all 1 ≤ j ≤ N , if we denote
, the solution α j (t) of (22) and of its derivativeα j (t) are given by the following relations:
(26) From (17), we can deduce the expression of the component k of the solution (26); it's given by:
and the expression of its derivative is given by:
Algorithm of resolution
By using Newton'method, we calculate the moments of impacts. Give us a positive number ε; on a given time interval, we choose to approach the moment impact by the smallest real in this interval checking the following inequality:
The research impacts method is more precise that the number ε will be smaller.
Let us note (τ j (ε)) j the sequence of the moments of impact, found in the interval [1, T ] , with T is a real chosen initially. Let us suppose that the sequence is strictly increasing: ∀j, ∀ε, τ j (ε) < τ j+1 (ε)
Each time we find one moment of impact τ j (ε) , we integrate the equation(12), by taking the following initial conditions:
We continue the same process of computation throughout the interval [t 0 , T ].
Numerical resolution
We propose to seek an approximate solution for nonlinear dynamical problem described by (2)-(8) which are equivalent tö
In order to solve numerically the problem (31)-(32), we will use a numerical scheme given in [3] and [4] by
In the case of problem without constraints, we have
The scheme (35) is totally explicit. When A doesn't change, the scheme is stable and its order is 2.
In the general case of ordinary differential equations of second order
Newmark'scheme with β and γ as parameters [7] is given by:
where ϕ n = ϕ(t n , y n , z n ). If the equation (36) is reduced toÿ = ϕ(t, y). We can eliminate z n in the equations and the system (37) becomes
which is an equation the same type of (4.4). If we take β = 0.25 and γ = 0.5, ,the scheme is defined by the relation:
Its order is 2, if we suppose for example that the class of ϕ is C 2 ( in order that the class of solution will be C 4 ), and is unconditionally stable for our partial derivatives equation.
In our particular case, we have ϕ = G, and the scheme will be
(G(t n+1 ) + 2G(t n ) + G(t n−1 )) − 
Conclusion
The current study is focused on modeling the motion of cylindrical bar which hits a horizontal obstacle and rebound. We present two different methods to solve this problem. The first one is analytical based on Newton's method and the second one is numerical.
